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The combinatorial strructure of the distributive lattice of order ideals of at up-dowr.1 poset is 
studied. Two recurkns are given for the Whitney numbers, and generatin 1 function for the 
Whitney numbers are derived. In addition, an explicit nested chain decomp Bsition i*.sen for 
the lattice, the existence of which implies that the lattice satisfies the Spmwr prfxx’ ) Arkd its 
generalizations, and has unimodal Whitney numbers. 
Let m and n be two positive integers, m 3 2, c 7 ’ . ” Je c m express n uniquely 
in the form n = 6m + r, where O< T 6 m. Defiere 4 HOW O(m, n) on the elements 
x1, x2, * ’ x,, we have the rePations 
~c.~.+~ for icn, ifO(modm), 
%?I + 1 c x4, +2)m for Oscsb-2, 
%-l)m+l c %I 
plus those required for transitivity. Such a poset WC call an up-dowtl QI get. A 
typical up-down poset, Q(4,14), is shown in Fig.’ 1. 
Questions concerning up down posets and their generalization% hax a long 
history. Probably the oldest problem is the task of counting the 0 ~b-er it!’ ways 
that t!le poset can be embetlded in a chain. This problem dates frcYn A~rc”lrt!i [I], 
and has been the fount crf much combinatorial reserxch sine 2 thtin (e.g. 
[2,4,5,6., 7,9& A related *.r&lern is the enumeration trf all P-partitions, as 
defined by Stanley 1221, of QIM, n). This hgd been attacked by Carlitz [&], Stanley 
[22, pp. 96101] and others. Up-down post ts have also appeared, as fences, in 
the work of Kelly and Rival [ 17, 181. 
We consider here- another related problem dealing with up-down posets, 
namely, counting the number of ortier ideals of a given size. % I P is any finite 
poset, an or&r ideal I is a subrset of P with,_the property that il” x is in 2 and 
y <x in f, y is in 1 also. If the order ideals are themselves or& ed, by inclusion, 
we obtain a distributive lattice [I 5, pp. 58-591 which we denote: try L(P). The kth 
OOl2-365X/82/Oooo-oaoo ISO2.75 @ 1982 North-I’olland 
114 E. R. Gansner 
Fig. 1. The up-down poset Q(4,14). 
W/zimey nuniber of L(P) is the number of order ideals of cardinality k. Thus, we 
are interested in the Whitney numbers of L(Q( nj, n)). 
For a fixed m, these numbers satisfy an obvious recursion. Using standard 
techniqlues, we obtain generating functions for the Whitney numbers. In turn, t-he 
generating functions suggest another recursion, which we verify and use for a 
totally combinatori 4 derivation of the generating functions. 
In the final sectlons. we consider more directly the structure of L(@(m, n)). 
Specifically, we use a technique involving the parenthesization of sequences of O’s 
and l’s to generate a nested chain decomposition for the lattice, with each chain 
containing an order ideal of size [$( n + 1):1, where [y ] represents the greatest 
integer less than or equal to y. Such a decomposition implies, among other things, 
that the Whitney numbers are unimodal, and that the largest Whitney number is 
equal to the size of the largest antichain in the lattice. 
For this :!ection and the next, we fix m a 2. For n 2 1, let w(n, k) be the kth 
-Whitney number of L( Q(m, n)), i.e. the number of order ideals in Q(m, n) of size 
k. For convenience, we set w(n, k) equal to zero if n CO, k ~0 or k > IZ, and let 
~(0, 0) = 1. With an integer y1 > 0, we associate the polynomial 
k=O 
‘Then, for each integer r, 0 < r s m, we define the series 
the sum is taken over all tz 2 0 with pi= r (mod m). 
o find a simple expression for F,(x, y), w e hIcIte a simple recursion for the 
We want to construct an order idea?, .k: in Q(m, n) of size k. Let 
O<r<wt and 631. Suppose o”= 1 
Amust also occur in 
among the remaining pt - 2 points. If &,,+l is not used in 6, can pick any order 
; L 
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If r# 1, and we want xbnl_el in I, we can pick any order ideal of sine k - 1 in the 
poset we o&in by deleting $,,+I- If &,m+l is not to be in 1, we cannot use any xj 
for j 2 bm -t- IL. We have to pick the order ideal among the first bm points. Thus, 
for n+ 1 (mod m), 
w(n, k) = w(n - 1, k - l)+ w(n - r, k). 
These recursions hold for y1> m. If 0 s n =z m, Q(m, n) is a chain and w(n, k) = 1 if 
0 s k s 12 aad 0 otherwise. 
Applying these results to the polynomials fi, (y), we find that, for yt > m, 
fn(Y)=fn-l(y)+ y2fnw2(y) if n := B (mod m), 
f,(Y)=f,-,(Y)-tyf,-l(y) if n=rI,modm), l<r~m. 
(1) 
For O~n~rn, f,(y)= l+y+=* l +y”. 
In turn, these polynomial recursions imply that 
FIN y) = xy +xF,(x, y)+x*y*F,-,(x, y), 
Fr(x, y) = x’F,(x, y) + X)TFr- 1(X, )‘)y l< r < m, 
F,(x, )‘)=l+x”F,(x, y)+*XyF,-,(X, )‘I* 
These m eouations can be solved in a straightforward manner. We record the 
solutions be low. 
Let N, = (1 + y + - - l + y’)x’ - y’x”“, for 16 r < m, and let N, = I. 
’ + yrn)x”’ + ymxzm. Then, for 1 s r s m, we have F, = N,/L? 
The lack of symmetry between F, and the other F,, as exhibited in the 
theorem, can easily be removed. If WC alter our questionable definition of ~(0, G), 
and let w(O,O)=O,F, becomes (l/D)-1, or ((l+y +**+ym)xm-ymx2")/D, 
which agrees in form with all tlhe other F,. 
If we let m = 2, and use a bir of algebra, we find that 
1+X 
h(x, 1)+&(x, 1) = 1 x x2 , - _ 
the generating function for the 
total nu e acci se 
well-Kiowa fact also fo m=2 and y=l. 
E. R. Gansner 116 
e de nominator =(I-(l+y+e* * + yrn)xrn + yVm) 
indicates that the w(n, k) must satisfy the recursion 
w(n, k) = w(n-m,k-i)-w(n-2m,k-m) 
i z-0 
for large enough n or k. We will now verify this recursion 
possible, and note when and how it fails. This will provide 
derivation of Theorem 1. 
Let 
B(n, k) = w(n, kj- w(n - m, k: - i) + w(n - 2m, 
i=O 
appearing in all the F, 
43 
combinatorially, when 
a totally combinatorial 
k-m). 
I 
Let p1> 2m. To construct an order ideal of size k in Q(m, n), we first determine 
how many among x1, x2,. . , , h we will use. If we use i > 0 of them, necessarily 
x1, x2, * ’ a, 4, we can then pick any order ideal of size k - i among x,~+~, . . . , x,,. 
This can be done in w(n - m, k - i) ways. If we do not use any of the first m, we 
must pick our k elements totally among &+l, . . . , x,, with the extra condition 
that x2m cannot be chosen. Without the extra condition, there are w(n - m, k) 
ways to make the choice. If x~,~ is chosen, we must also choose x,,,+~, . . . , x~,,,_~. 
Thus, the number of ways that the extra condition can fail is w(n - 2m, k - m). 
This leaves us w(n - m, k) - w(n - 2m, k - m) possibilities. Thus, for n > 
2m, B(n, k) = 0. 
We now onl~r have to consider n s2m. If P is a statement, let S(P) equal 1 if P 
is true and 0 if P’ is false. For 06 n < m, B(n, k) = w(n, k)= S(O< k Ann). For 
n=m ? 
m 
B(m, k) = w(m, k)- ~(0, k-i)=6(0~k~m)-6(0~k~m)=O. 
i= 0 
Let n = m + r, 0 < r c m. Using a counting argument analogous to the one we used 
for ii 3 2~, wc find that 
w(m+r, k)= w(r, k-l)+w(r, k-2)+u. q+ w(r,k-m)+w(r-I, k). 
1, k)-w(r, k)+w(r-m,k- m). Si lifying this, we note 
- 6(k = I’), while, 5~ r = m, 
01 Wrsm, we have 
e sum equais 1 if r = m, 
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f,(y), we obtain the recursion 
f,(v) = fn-mW.fm(Yi- YnlfLJy) 
for tt 3 2m. Using a counting argument similar to the one given above, but based 
on the last r points in Q(m, n), it = r (mod m), instead of the first m points, we 
obtain another recursion 
f,(Y) = fn-riYMY)-- Y'fn-??I-r(Y), 
also valid for n 2 2m. 
Let Q be a poset. If x an y are two elements in Q, we say that x couers y if 
y < x and there is no z sue hat y < z <x. A rank function on Q is a function p 
from Q into the nonnegative integers such that p(x) = 0 if x is minimal in Q and 
P(X) = p(y) + 1 if x covers y. A poset possessing a (necessarily unique) rank 
function is a ranked poset. 
We now assume that Q is a ranked poset. The number of elements In Q of rank 
ic is the kth Whitney number of Q. If Q = L(P) for some poset P, then cardinality 
its as a rank function for Q and the definition given here for Whitney numbers 
agrees with the one given in Section 1. 
A chain C in Q is saturated if, whenever x covers y in C, x also covers y in Q. 
Thus, consecutive elements in a saturated chain have consecutive rairks. Two 
saturated chains are nested if the chain that contains the element of least rank 
among the elements of both chains also contains the element of greatest rank. Ir 
other words, if C and D are two saturated chains such th, t the rank of the 
minimum element in C is at most equal to the rank of the minimum element of D, 
the two chains are nested only if the rank of the maximum e’aement in C is at least 
equal to the rank of the maximum element in D. A collection of sattuated, 
pairwise nested chains which partition Q is called a nested chain decomposition, 
and any Toset possessing such a decomposition is a nested chain ordt -. 
L %in orders generalize the notion olr’ symmetric chain orders 
;ne could define a symmetric chain order as a neste 
odal sequence. Indeed, a 
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Returning to up-down pose& we intend to give an explicit nested chain 
decompositio;,? for E in, 4). a.ins will be constructed by modifying a 
parenthesizat ron tee ue that has been used to construct symmetric chain 
decompositio,rrs [ 10,121. (See also [M, 20,21].) We fix m and n, and let n = 
bm +r with 631~ r  m. If b == 0, Qlm, n) and thus L(Q(m, n)) are chains and the 
problem is trivial. So, we assume that. b 2 I. 
If 1 is an order ideal of Q(m, n), WC associate with it a sequence a,, a2, . . . , a,, 
O’S and l’s such that ai = 1 if and only if Xi is in 1. This sequence is the label of 
I. 0bviously, we can identify an order ideal with its 1 el. ‘To parenthesize 11 label, 
pick any 0 followed immediately by a 1. Place pare ses around this pair. Such 
O’s and l’s are said to be paired. An unpaired 0 or 1 is free. To continue the 
process, pick a free 0 followed by a free 1 such that all of the intervening aigits, if 
any, are paired, and bracket this 0 and 1 with parentheses,, The 0 and I are now 
paired. This last step is repeated until it is no longer possible to pair a free 0 with 
a free 1 in this fashion. 
As an example of this procedure, the label 
i(oi)(oiji ico(oa)(oi) 1)(oi~io(o(oi)i)o 
has been parenthesized. It is not difficult to see that the parenthesization of a label 
is unique, and that the subsequence of free O’s and l’s in a parenthesized label 
consists of a string of l’s followed by a string of O’s, where either string can be 
empty. A fuller discussion ?f parenthesized sequences of O’s and l’s is given in 
[lo]. 
To rwr’tch a digit in a label is to change the digit from a, 0 to a 1 or from a 1 to a 
0. A digit can be switched if the sequence obtained by switching it is the label of 
some order ideal. 
In order to describe the nested chain decomposition., we specify which ideals 
immediately precede and follow a given ideal in a chain. 1Let p = (b - 1)m + 1 and 
q = bm. Let 1 be any order ideal of Q(m, n), with label a,, a2, . . . , q,. If a,, is free 
or if u, is paired with some ai, i < p, let U(I) and D(I) be the sequences obtained 
by switching the leftmost free 0 and the rightmost free 1, respectively, in the label 
of I. 
tf a, is paired with some ai, i 2 p, we must have a, = 3, and thus, ap = 1. Since 
qua1 0. this implies i :> p. In addition, e aj= l,q+l+Gn, we have 
rs case splits into four subcases. Let N the number of free l’s among 
Qp, ap+Jl, - - * , uq, and let Z be the number of free ;‘.c”,r 3sto the left of ap. Note that 
ne the sequences U(4) 
hing the leftmost free 
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Table 1. Examples of Y/(I) and 
11(0(0(0(0l)1)(01~1,1)0 1100001101111 1000001101110 
100(0(0(01)(0(01)1)A~1) 1100001001111 0000001001111 
Na2 ll(ol)l(orillll(ol> - 1101101111001 
Zal 1 1(01)1100(01)0(01) 1101111001001 1101100001001 
N=I 11(01)(0(01)1)110(01) 1101001111101 1101001101001 
N = % =O 1(0(01)(0(01)1)(01)1,(01) 1101001101101 0001001101101 
In these definitions of U and D, if the digit to be s,witched in the label of Z does 
not exist, U(Z) or D(Z) is left undefined. Such an Z *will be ii maximal or minimal 
element in its chain. Table 1 illustrates these defi itions for various order ide;\is of 
Q(3,13). 
It will be shown in the next section (Lemma 1) that U(Z) ar:d D(Z), when 
defiated, are the labels of order ideals. Trivially, we have D(Z) c Z c U(Z), and if I 
has cardinality k, D(Z) and U(Z) have cardinalities k - 1 and k f 1, respectively. 
We can then use the iterations D’(Z) and Uk(Z) lo define a saturated chain in 
L(Q(m, n)) containing I. If we srart with a difflr:rent order ideal, we oktain 
another chain. The second chain could bz equal to the first, distinct but not 
disjoint from the first or disjoint from the first. However, as we shall see below 
(Lemma 2), the second alternative cannot occur. Hence, the distinct sets 
{Z, D’(Z), Uk(Z): j, k 2 1) obtained by letting Z var;r over all order ideals form .I 
partition of L( Q(m, n)) into saturated chains. 
Our next task is to verify that these chains arr: nested. Let Z and J bc the 
minimum and maximum ideals in one of the chains C. Let k be the rank of I. So, 
the label a I, u2, . m . , a, of Z contains k 1’s. There are two possibilities concerning 
the rank of J. If c&, is unpaired or is paired with some C;r.i, i < p, the label of Z will 
contain k paired l’s and the label of J is obtained by a repeated switching of the 
leftmost free O’s until they have all been switched. Thus, the label of J will contain 
only k O’s and the rank of J will be n - k. The second possibility will occur if a, is 
paired with some hii, i > p. In this case, either there will be k paired l’s, or k - 1 
paired l’s and a single free 1 to 
J will contain one less paired 0 
1’s. Therefore, the rank of J wi er occurs, the label of J is 
obtained bv switching all of t yielding n .- k + 1 again as 
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* L( Q( m, n)) is a nested chain order. 
As a nested chain order, L( (m, n)) possesses all of the properties mentioned 
at the beginning of this section. In particular, its Whitney numbers are unimodal, 
and the size of its largest antichain equals its largest Whitney number. In light of 
these propertie Q;, it is of interest to determine at what rank the Whitney numbers 
attain their maximum. 
Suppose the minimum ideal in a chain has rank k. If its label contains k paired 
l’s, then k s [in]. As seen above, the rank of the maximum element in the chain 
is either n - k 3r n - k + 1, both of which are at least [$(n + l)]. The only other 
possibility OCCU~E if the label contains k - 1 paired l’s and one free 1. If this 
happens, we must have k - ‘1 d [i(n -- l)], or k 6 [&I + l)]. Since the maximum 
element in such a chain has rank n - k + 1, the rank of the maximum element is at 
least n - [$(n - 1 )] s [$(n + I)]. Hence., e-brer y chain in the given decomposition 
must contain an ideal of size [$(n + l)], making this the rank with the greatest 
number of ideals. 
Note that if n = 0 (mod m), Q(m, ,Q) and thus L(Q(m, n)) are self-dual. This 
implies that the Whitney numbers of L(Q(m, n)) are symmetric about $n, which 
forces the chains in the decomposition given above to be symmetric, that is, if a 
chain starts in rank k, it ends in rank n-k. On the other hand, if 
~2 $0 (mod m), n > m, it is easy to see that the Whitney numbers are not symmet- 
Gc. Specifically, if n = r (mod m), 0 c r <: m, the rth Whitney number will always 
be strictly less than the (n - r)th Whitney number. 
Finally, we suspect that L( Q(m, n)) has, in fact, logarithmically concave Whit- 
ney numbers and possesses the LYM property (cf. [19]), but we have not yet been 
altic ho verify either property. 
In this section, we present the two lemmas used above in the proof of 
Theorem 2. 
rder ideal of Q(m, n), then U(I) and (I), when defined, are 
As in the previous section, we have n = bn. -t- r, with 0 < r s m and 6 a 1, 
of I. Pf X~ is maximal in Q(m, n), t 
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a,+ 1 = 0, implying that Uj = 0 for S < j ~min(t, n}, where t is the least multiple of 
m greater than s. In particular, if s = q + 1 or ~$1 (mod m ), we see that TV, can be 
switched. If s = 1 (mod m) and s <p, we must also consider the value of u~,,,+~_,. 
If a 2m+s-1 = 1, then ai:= 1 for s+m6j~2m+s-I. y the definition of a,, these 
l’s must be paired with C’s to the right of a, and to the left of a,,,. But this 
would require a pairing of m l’s with m - 1 O’s, an impossibility. Thus, a2m+s__, = 
0 and a, can be switched. 
If s = p, we can use the same argument again, unless r < m. But in this case, if 
a,,=l,wewillhavea, = 1, ai =Ofor p<jGq and Uj = 1 for q<j<n. In addition, 
a, will be paired with some Uj, p <j s q. Thus, from the definition of D(I), we do 
not want to switch the rightmost free 1 (4%) in this case, but rather the second 
rightmost free 1. 
Conversely, if we must switch the second rightmost free 1, we must have 
r<m,a, =l,~=lforq<j~nandaj=Oforp<j<q.Sincea,=Oandthe 1 to 
be switched occurs to the left of up, it is easy to see, by mimicking the above 
arguments, that the second rightmost free 1 can be switched. 
By similar, though easier, arguments, it can be shown that a leftmost free 0 can 
always be switched. So, the only case that remains to be considered is the event 
that a, = 1 is paired with some Uj, p <i 6 q, a, = 1, and there are no free O’s to the 
left of ap nor free l’s to the right of ap-, . Lea as, s < p, be the 0 we are required to 
switch to get U(I). If x, is minimal in Q(m, n), a, can be switched. If x, is not 
minimal, consider a,_ *. If a,_, = 0, it must necessarily be paired with some a, = 1 
with j > p, contradicting the definition of a,. Thus, a,+ = 1, implying that ai = 1 
for t + 1 ~j < s, where t is the greatest multiple of w less than s. This is sufficient 
to imply that a, can be switched if s+ 0 (mod m). 
In the case that s = 0 (mod m ), we must also consider a, _2m + 1. If u,_~~+ 1 = 0, 
then Uj=O for s-2m+l~~~s-m. In addition, the results of the preceding 
paragraph imply that ai = 1 for s - - m + 16 j s s - 1. In the parenthesization of the 
label, we must have the m - 1 ai’s, s - 2m + 2 <j s s - m, paired with the m - 1 
ak’s, s - m + 1s k G s - 1. This forces as-2m+l to be paired with some ai, j 2 p, 
contradicting the choice of s. Hence, u~_~,,+ 1 must equal 1 and as can be 
switched. This completes the proof that U(I) will always be the label of an order 
ideal. 
. (a) If U(I) is defined, D(U(1)) is also defined and 
(I) is defined, U( defined and U 
order ideals. If the U’(I): j, k 2 1) 
not disjoint, they a 
he proofs 0,‘ parts (a) and (b) requir a ~t~aig~tforwa~ 
ication of parts (a) 
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